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We determine the inlimum of the functional Re(1 +zcp”(z)/q’(z)) for a fixed 
ZE IzI < 1 over the class T of the totally monotonic functions p(z). ‘0 1990 Academic 
Press, Inc. 
Let N denote the Nevanlinna class of analytic functions 
(1) 
where ,u(t) is a probability measure on [O, 11. If we replace z by l/z in (l), 
we obtain the class T of analytic functions 
with totally monotonic Maclaurin coefficients (see [ 11). In [l] the radii of 
starlikeness of order o! of the classes N and T have been determined. 
Now we will denote by r,(a) (-cc < c1< 1) the radius of convexity of 
order a of the class T, i.e., that largest positive number r such that 
for all cp E T and IzI < r. In a similar way, the radius of convexity R,(U) of 
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order - tl ( -cc < CI -C 1) of the class N is the smallest positive number R 
such that 
(4) 
for any fE N and 1zI 2 R. 
In this paper, for a fixed z, Jzl < 1, we shall determine the inlimum and 
the supremum of the functionals on the left-hand sides of (3) and (4), 
respectively. For convenience we shall examine the class T. 
THEOREM 1. Let the function cp E T and the point z= re”. 0-c Y-C 1, 
---71<9<z, befixed. - 
(A) If cos 8<0, then 
where the equality holds only for the function 
~(z)=&E T. 
(B) If cos 8= 1, then 
Re(l+z)> 1, 
where the equality holds only for the function 
q(z) = z E T. 
(C) IfO<cos8<1, then 
(5) 
(6) 
(7) 
(8) 
sin8+sign(sin8)Jl-2rc0s8+rL - 
2( 1 - r cos e) sin 8 
ifO<y,<l and 
Re(l+s)>l 
(9) 
(10) 
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if y. 2 1, where 
YO=k (11) 
with 
y,=2costI-r(6cos20-1)+4r2cos30-r3cos2fl 
+ rlsin el Jl - 2r cos e + r2 > 0 (12) 
and 
y2 = r(4 - 12r cos 0 + r2(8 cos2 0 + 5) - 6r3 cos tI + r4 
+ lsin 81 [4 - 8r cos 8 + r2(4 cos 8 + 3) - 2r3 cos e] 
xJl-2rcos0+r21>0. (13) 
The equality holds in (9) only for the function 
(14) 
where y. is gioen by (1 1 ), (12), and (13). 
The lower bound 1 in (10) is sharp. 
Proof According to the Ruscheweyh theorem (see [2, p. 19, 
Theorem la]) for each fixed z, (zl -C 1, the minimum of the functional 
Re(1 +zcp”(z)/cp’(z)) over the class T is attained for functions of the form 
q(z)=YZ ~ 
l-t,z 
+(l-YbET 
l-t2z ’ 
O<y<l,O<t,<t,<l. (15) 
From (15) we obtain 
1+-z- zcp”(Z) 2 -_- 2 1 1 
cp’(z) l-t,z+1-t2z l-zz 
---1, 1 - fz (16) 
where 
t2 + t1 t2- tl iJI 
*=-+Te ’ 2 
(17) 
t2 + t1 t2-t1 -j* 7=-+-e 
2 2 ’ 
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y = cos2 14 m’ o<*<?L 
L 
Let the point z=re”, O<r<l, -rc<e<rr, be fixed. In [l,p.299], we 
have studied the function Re( l/( 1 - tz)) for real t, 0 G t < 1. Now we shall 
examine the sum 
1 
H(u,,u,,z)=Re&+Re- 
1 -iiz 
for the complex conjugates u = u1 + iu, and ii = U, - iu, with IU - 41 < 4 and 
fixed z, 0 < IzI < 1. From (19) we obtain 
a2H 
-= 
au: 
-$=2Re 
Z2 
+ 2Re 
Z2 
2 (1 - uz)3 (1 -Uz)3 
and hence 
(20) 
(21) 
Thus from (20) and (21) it follows that for the fixed z being considered the 
sum (19) is a harmonic function with respect to ur and u2 in the disc 
Iu - $1 < i. Therefore the maximum principle of harmonic functions, 
applied to H(ul, u2, z) in the disc Iu-$1 <f, says that the sum (19) is 
maximal on the circle (U - i 1 = i, The last condition for the variables (17) 
and (18) is satisfied only for the following three cases: 
t2 = 1, OQtlGl, +=o, (22) 
t, =o, O<t,<l, II/ = 71, (23) 
t, =o, t,= 1, O<$<n. (24) 
Now from the properties of the function Re( l/( 1 - tz)), 0 d t < 1, estab- 
lished in [ 1, p. 2291 and the corresponding cases (22k(24), we can draw 
the following conclusions: 
(A) If cos8<0, then from (16) and (15) we obtain 
Re(l+z)>Re&-Re&-1 
l+z 
=ReG (25) 
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with equality only for the function (6). Thus from (25) we obtain the 
inequality (5). 
(B) If cos 6’= 1, then from (16) and (15) we obtain 
Re(l+z) >2+2-l-l--1=1 
with equality only for the function (8). Thus from (26) we obtain the 
inequality (7). 
(C) If 0 < cos 0 < 1, then from (16) and (15) we obtain 
-Re 
1 
1 -zcos($/2)e-‘~‘* 
-1 
=Re$---Re 
1 - yz* 
Z l-2yz+yz2’ 
keeping in mind (18), with equality only for the functions 
(o(z)=yz+pET, o<y< 1. 
Z 
Further, the Moebius transformation 
6= 
1 -yzz 
1 - 2yz + 722 
maps the real axis of the complex y-plane onto the circle 
(27) 
(28) 
(29) 
6-sin6+i(cos0-rcos28) Jl - 2r cos 8 + r2 
2( 1 - r cos 0) sin 8 =2(1-rcosB)Jsin0l (30) 
of the complex b-plane. From (30) it follows that 
Re s < sin 8 + sign(sin e) 1 - 2r cos 8 + r2 
\ 
2(1-rcose)sin8 (31) 
with equality only at the point 
6 sin 
8 
+ sign(sin e) 1 2r cos 8 + r2 + 
- 
i(cos 8 
- 
r cos 28) = 2( 1 - r cos e) sin 8 . (32) 
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From (32) and (29) we obtain the extremal value of y; namely, the values 
(ll), (12), and (13). 
Now if O<y,< 1 (yl < yz), from (31), (29), and (27) we obtain the 
inequality (9). The extremal function (14) follows from (28) for y = yO. 
If y0 > 1 (y, >/ yz), from (29) for y = 1 and (30) it follows that 
ReS<Res, O<y<l. 
Z 
Thus from (33), (29), and (27) we obtain the sharp inequality (10). 
This completes the proof of Theorem 1. 
From the minimums (5) and (9) we can determine the radius of 
convexity r,(a) of order a, --co <a< 1, of the class T. In fact from (5) we 
obtain the inequality 
Re(l+z)>s (34) 
with equality only for the function (6) at the point z = -r. If we equate the 
minimum (34) with a, 0 < a < 1, we obtain the value 
l-a 
r=l+a. O<a<l. 
Further, from (9) it is clear that we can examine the case sin 8 > 0 only. If 
we equate the minimum (9) with a, -co <a < 1, we obtain 
(3 - 2a) sin 8 - 3r( 1 - a) sin 28 - r* sin 8 [ 1 + 2a - 4( 1 - a) cos* 0-J 
+ a? sin 28 = (1 - 2r cos 8 + r*) Jl - 2r cos 8 + r*. (36) 
Now we must find the minimum value of r, 0 < r < 1, determined by the 
equation (36), and compare it to the value (35) if 0 <a < 1. The minimal 
value of r will be the radius of convexity r,(a) of order a, --CC <a < 1, of 
the class T. If we differentiate (36) with respect to 8, keeping in mind that 
r’(0) = 0, we obtain 
(3 - 2a) cos 8 - 6r( 1 - a) cos 28 - 3r2 cos 0[3 - 2a - 4( 1 - a) cos2 01 
+ 2ar3 cos 28 = 3r sin 8 Jl - 2r cos 8 + r*. (37) 
Further, we must determine: (i) r in terms of a by eliminating 8 from (36) 
and (37), and (ii) cos 0 in terms of a by eliminating r from (36) and (37). 
These problems seem very diflicult. Below we examine the special 
case a = 0. 
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COROLLARY 1. The radius of convexity rC = r,(O) of the class T is 
rC = - 
j? 
(38) 
i.e. for each function rp E T in the disc IzI < rC the inequality (3) Vor c1= 0) 
holds, where the equality holds only for the function 
cpb)= 
z(1 - ;z, 
1-z ET (39) 
at the critical points 
z =pefid4 
35 .  
(40) 
Proof: In particular, for a = 0, we divide the equations (36) and (37), 
and we square the equation (37), respectively. Thus we obtain 
x - r( 1 + 3x2) + 6r2x3 + r3(3 - 3x2 -4x4) 
- r4x(3 -4x2) = 0, x = cos 0, (41) 
and 
x2 + 4rx( 1 - 2x2) + 3r2( 1 - 7x2 + 8x4) 
- 2r3x(5 19x2 + 16x4) - 
- r4( 1 10x2 + 24x4 16x6) = 0, - - x = cos 0, (42) 
respectively. Further, if we add (42) and (41), multiplied by -x, we obtain 
where 
a0r3 + alr2 + a2r + a3 = 0, (43) 
a,,= -1 +12x2- 16x4, 
a, = -x(13 -28x2), (4) 
a2 = 3( 1 - 6x2), a3 = 5x. 
Now we add (43), keeping in mind (44), and (41), multiplied by -5. Thus 
we obtain 
b,r3+b,r2+b2r+bX=0, (45) 
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where 
bo = 5x( 3 - 4X2), 
b,= -16+27x2+4x4, (46) 
bZ= -x(13+2x2), b, = 8 - 3x2. 
Now the resultant of (43) and (45) yields (see, for example, Dickson [3, 
p. 148, point 23) 
@obJ3 - 2(~ob,)(dM&) 
- (~,b,N~ob,)(~,b,) + hbd2(~d,) 
+(~,b,)(~,b,)2-(uob,)(u~b2)(~2b3)=0, (47) 
where (a,b,) denotes u,b, - u3bo, etc. From (44) and (46) we find 
(u,b,) = q,b, - u3b, = 8(x2 - 1)(6x4-2x2 + l), 
(u,b,)=a,b, -u,b,= -8(x2- 1)(8x6- 14x4-x2+2), 
(uzb~)=u2b3-u,b2=8(x2-1)(8~2-3), 
(u,b,) = u,b, - upb, = 16x(x2 - 1)(2x4-9x2 + 2), 
(48) 
(u,b,)=u,b,-u,b,= -8x(x2-1)(13x2-3)), 
(a, b,) = a, b2 - u,b, = 8(x2 - 1)(2x4 + 19x’ - 6). 
In view of the inequality 0 < x < 1 and (48) we can omit the factor (x2 - 1)3 
in (47). Thus from (47) and (48) we obtain 
(x2-1)4(2x2_ 1)(4x2- l)=O. (49) 
Due to 0 -C x < 1 and (49) we must consider the roots 
x=- 
A 
(50) 
and 
1 xc- 
2 (51) 
only. By means of the values (SO) and (51), from (43) and (44) we obtain 
(r&l)(r*+r&5)=0 (52) 
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and 
(r+ 1)(2r*-8r+5)=0, (53) 
respectively. The root l/d of the equation (52) is the smallest positive 
root among the positive roots less than 1 of the equations (52) and (53). 
Thus we obtain the radius of convexity (38) of the class T. Further from 
the equations x = cos 8 (0 < x < 1) and (50) we find 
8= *;. (54) 
By means of the values (38) and (54) from (1 1 )-( 13) we obtain the value 
y0 = 2/3 by which, from (14), the extremal function (39) with the critical 
points (40) is determined. 
This completes the proof of Corollary 1. 
The radius (38) is first found by Silverman, Silvia and Telage [4, p. 129, 
Theorem 51 in a different way. Another contribution we make here is the 
explicit form and the uniqueness of the extremal function (39) with the 
critical points (40). 
Finally, by replacement of l/z by z, Theorem 1 and Corollary 1 yield the 
following results for the class (1 ), respectively: 
THEOREM 2. Let the function f E N and the point z= Re”, R > 1, 
--71Gtlcz, befixed. 
(A) Zf cos 6’ < 0, then 
where the equality holds only for the function 
f(z)=-& 
(B) Zf cos 8 = 1, then 
Re(l+$ff)i--1. 
where the equality holds only for the function 
f(z)=& 
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(C) ~Oocos8<1, then 
R sin 8 + 
sign(sin 0) JR’ 
- 2R cos 9 + 1 
+ 2(R - cos 0) sin 8 
(55) 
ifO<yo< 1 and 
(56) 
ify,a 1, where y. is given by (ll)-(13). 
The equality holds in (55) only for the function 
where y,, is given by (1 1 )-( 13). 
The upper bound - 1 in (56) is sharp. 
COROLLARY 2. The radius of convexity R, EE R,(O) of the class N is 
R,=& 
i.e. for each function f E N in the disc JzI > R, the inequality (4) (for c1= 0) 
holds, where the equality holds only for the function 
f(+i-jEN 
z(z - 1) 
at the critical points z = &’ e”“14. 
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